M>bl¥‘7ll 


AO  IN  L  (IN  I  i  •*« 


V 


A 


STATIC  BUCKLING  AND  POSTBUCKLING 
< HARACTEFjISTICS  OF  THLN-WALL  ALUMINUM  CYLINDERS 
UNDER  ECCENTRIC  COMPRESSIVE  AXIAL  LOADS 


James"  J. .  Kotanchik 
Emrriett  A.  Witmer 
Theodore  H  H.  Pian' 


December  1964 


^ .  Prepared  for 

•  BALLISTIC  ’SYSTEM'S  DIVISION  . 

•  air  force  Systems  command 


I  jr 


NORTON  AIR. FOR  :.-  BASE;  CALIFORNIA 


Tnd  Structures, 


Aeroelosfic  and  Structure;,  Research  Tabpratory 
a  -  .  •  ■  a  /.'  v.  •  •  * 

'  [department  of;.  Aeronautics  aocb'Astr.qrrautics 

- ■  •  -  Massachusetts  LosTil^e;,o1.  Technofpgy 
Best  Available  CopyCombr,dge'  Massachusetts-  02139:  '; ■  A  :  ■ 


AA 


ABSTRACT 


Results  from  experimental  measurements  of  buckling  thresh¬ 
old  and  postbuckling  characteristics  of  thin-wall  aluminum- alloy 
circular  cylinders  loaded  at  various  fixed  ratios  of  axial  com¬ 
pressive  load  to  applied  bending  moment  are  reported.  Buckling 
modes,  both  symmetric  and  antisymmetric,  with  respect  to  the 
plane  of  loading  occurred  and  are  presented.  Typical  results 
are  shown.  Postbuckling  measurements  of  load-deflection  char¬ 
acteristics  are  extended  to  very  large  deflections,  and  include 
a  number  of  measurements  during  unloading  and  reversed  loading. 
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SECTION  I 


INTRODUCTION 


Under  sufficiently  intense  blast  loading,  slender  shell 
structures  can  undergo  buckling  and  large  postbuckling  deforma¬ 
tions.  Depending  upon  the  structural  parameters  involved,  as 
well  as  the  (asymmetric)  distribution  and  time  history  of  the 
blast  loading,  a  "bending- type"  buckling  pattern  may  occur  at 
one  or  more  axial  stations  of  the  structure  with  the  region  of 
severe  buckling  remaining  essentially  at  a  fixed  axial  station(s) 
as  the  postbuckling  deformation  increases.  For  other  structural 
parameter  and  loading  conditions,  peripheral  buckling  modes  may 
occur.  In  the  present  study,  attention  is  confined  to  the  for¬ 
mer  type  of  failure  and  postfailure  behavior. 

One  of  the  items  of  information  necessary  to  permit  pre¬ 
dicting  the  postbuckling  dynamic  and  "postblast"  final  deforma¬ 
tion  of  such  structures  is  the  postbuckling  load-carrying  ability 
of  the  structure  at  the  "buckled  station"  expressed  in  terms  of 
moment-carrying  ability  as  a  function  of  some  characteristic 
deformation  parameter (s) .  Also,  of  course,  knowledge  of  the 
transient  blast  forces  and  proper  inclusion  of  the  elastic- 
plastic  and  inertial  forces  present  are  also  essential  for  such 
predictions.  The  present  report,  however,  is  concerned  mainly 
with  the  matter  of  static  buckling  and  postbuckling  character¬ 
istics  for  simple  shell  structures;  implicit  in  this  is  the 
intention  of  employing  this  static  postfailure  information  as  a 
first  approximation  in  a  dynamic  structural-response  analysis. 

Much  experimental  data  have  been  obtained  to  define  static 
incipient  elastic  and/or  plastic  buckling  of  unstiffened  cylin¬ 
ders  as  well  as  for  cylinders  which  are  stiffened  axially  and/or 
circumferentially  [1-6,  for  example].  However,  very  little 
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experimental  data  exist  on  the  postbuckling  load-deformation 
characteristics  of  such  cylindrical  shells  [7,  8];  on  the  other 
hand,  rather  detailed  experimental  postfailure  structural  char¬ 
acteristics  data  for  complex  built-up  lifting-surface  structures 
have  been  obtained  [9-13].  The  present  experiments,  therefore, 
were  consider  d  to  be  necessary  tc  contribute  to  remedying  this 
information  deficiency  for  cylindrical  shells.* 

Of  the  numerous  conceivable  combinations  of  loading  to 
which  typical  slender  shells  might  be  subjected,  it  is  believed 
that  combined  axial  loading  and  bending  of  the  structure  is  a 
typical  combination  and  represents  one  of  perhaps  greatest  prac¬ 
tical  interest.  Furthermore,  simple  unstiffened  cylindrical 
shells  were  chosen  for  testing  as  being  both  tjrpical  and  free 
from  the  additional  and,  for  present  purposes,  unnecessary  com¬ 
plicating  factors  that  the  presence  of  discrete  or  core  stiff¬ 
eners  would  entail. 

Specifically,  the  present  experimental  studies  were  designed 
and  conducted  to  provide  the  following  information  on  simple 
thin-wall  cylindrical  shells  with  R/t  values  ranging  from  about 
50  to  100: 

(1)  Incipient  buckling  loads*  for  specimens  subjected  to 

(a)  pure  bending  moment,  and 

(b)  combined  oending  and  axial  compressive  loads. 

(2)  Postbuckling  load-deflection  characteristics  of  cylin¬ 
drical  shells  including  those  under  unloading  and  re¬ 
versed  loading. 


*  Published  incipient  buckling  data  for  unstiffened  cylinders 
under  these  conditions  do  not  include  the  present  R/t  range 
of  interesti  published  data  include  only  R/t  >>  100. 
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(3)  Detailed  information  on  buckling  modes  and  post- 

buckling  geometry  to  provide  guidance  for  the  (later) 
development  of  theoretical  predictions  of  postbuckling 
load-deflection  characteristics  possibly  along  lines 
similar  to  those  of  References  10  and  11  for  lifting- 
surface  structures. 

A  description  of  the  cylindrical  test  specimens  employed 
and  of  limited  measurements  made  of  the  stress-strain  properties 
of  these  specimens  is  given  in  Section  II.  The  buckling  and 
postbuckling  experiments  performed  and  the  testing  procedure  em¬ 
ployed  are  discussed  in  Section  III.  Section  IV  is  devoted  to  a 
discussion  of  the  test  results  for  the  cylindrical  specimens. 


SECTION  II 


DESCRIPTION  OF  CYLINDRICAL 
TEST  SPECIMENS  AND 
STRESS -STRAIN  MEASUREMENTS 


2.1  Cylindrical  Test  Specimens 

Since  it  was  believed  that  tests  of  cylindrical  test 
specimens  with  radius- to- thickness  ratios,  R/t,  ranging  from 
about  50  to  100  would  reveal  those  buckling  and  postbuckling 
features  of  primary  interest  for  typical  related  structures,  test 
specimens  with  nominal  R/t's  of  50,  75,  and  100,  and  a  nominal 
length  of  S  inches,  were  prepared  from  0.065-inch  wall  by  2-inch 
O.D.  stock  6061-T6  aluminum  alloy  tubing  by  chemical  milling  to 
achieve  the  required  wall  thicknesses  0.020,  0.013,  and  0.010 
inch,  respectively.  Since  the  chemical  milling  process  does  not 
diminish  significantly  any  thickness  imperfections  which  may 
exist  in  the  original  drawn  tubing  in  some  cases  there  were 
wa  11- thickness  variations  which  were  appreciable  fractions  of  the 
mean  wall  thickness;  the  achieved  mean  wall  thicknesses  and  the 
associated  wall-thickness  variations  are  listed  in  Table  1  for 
the  35  specimens  whose  failure  and/or  postfailure  characteristics 
are  included  in  this  report.  A  "map"  of  the  wall-thickness  dis¬ 
tribution  for  a  typical  test  specimen  is  given  in  Fig.  2. 

2.2  Material  Stress-Strain  Measurements  and  Results 

To  serve  as  a  check  on  the  stress-strain  properties  of  the 
present  materials,  tensile  stress-strain  measurements  were  made 
using  test  coupons  cut  from  each  of  several  wall-thickness  cylin¬ 
ders.  Since  selected  cylinder  radius -to-thickness  ratios  were 
achieved  by  reducing  the  wall  thickness  of  the  stock  6061-T6 
aluminum  alloy  tubing  by  chemical  milling,  coupons  were  taken 
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both  from  the  original  stock  and  from  some  typical  chemically- 
milled  specimens.  Tensile  stress-strain  properties  for  these 
specimens  were  measured  by  standard  tensile  tests,  with  strains 
being  measured  by  wire-resistance  strain  gages. 

Typical  stress-strain  results  from  these  tests  are  shown 
in  Fig.  1,  where,  as  expected,  the  properties  of  the  virgin 
material  and  of  the  chera-railled  material  are  indistinguishable. 
In  this  figure,  the  tensile  and  compressive  stress-strain  dia¬ 
grams  for  6061-T6  tubes  given  in  the  MIL-Randbook  [14]  are  also 
plotted  for  comparison. 
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SECTION  III 


TESTS  AND  PROCEDURE 


In  the  present  study,  it  was  desired  to  determine  the 
buckling  and  pos tbucklmg  characteristics  oi  unstiffened  cylin¬ 
drical  shells  of  various  radius-to-thickness  ratios  under  pure 
bending,  pure  axial  compression,  and  combined  bending  and  axial 
compression.  To  accomplish  this,  one  test  arrangement  was  em¬ 
ployed  for  the  pure  bending  experiments,  and  a  second  arrange¬ 
ment  for  the  latter  two  conditions.  A  description  of  these 
aspects  of  the  present  test  program  follows. 


3.1  Cylinders  in  Pure  Bending 

A  schematic  of  the  loading  arrangement  for  testing  the 
cylindrical  specimens  is  shown  in  part  (a)  oi  Fig.  3.  The 
actual  test  specimen  occupies  only  a  portion  of  the  span  between 
the  support  points,  A  and  B,  with  "rigid1'  loading  arms  extending 
from  the  ends  of  the  cylindrical  model  to  the  load-application 
points;  the  ends  of  the  cylindrical  specimen  are  attached  to  the 
rigid  loading  arms  in  a  "fully-clamped"  manner.  The  actual 
loading  arrangement  is  shown  in  Fig.  4.  Note  that  rigid  ref¬ 
erence  arms  were  provided  at  each  end  of,  and  perpendicular  to, 
the  axis  of  the  test  cylinder;  dial  gages  were  positioned  at  the 
four  locations  shown  in  Fig.  4  in  order  to  measure  the  toLal 
rotation  between  the  ends  of  the  loaded  cylinder.  Since  the 
normals  to  these  reference  planes  during  buckling  and  postbuck- 
ling  deformation  of  the  cylindrical  specimen  do  not  necessarily 
lie  in  the  plane  of  loading  (that  is,  in  the  plane  containing 
the  two  P  loads  and  the  axis  of  the  undeformed  cylinder),  two 
additional  dial  gages  were  positioned  diagonally  to  define 
uniquely  the  relative  orientations  ot  these  reference  planes, 
with  a  seventh  dial  gage  measurement  included  to  serve  as  an 
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independent  check  measurement.  This  dial-gage  arrangement  is 
shown  in  Figs.  4,  5,  and  6. 

Typically,  a  pure-benaing  test  proceeded  by  the  applies-' 
tion  of  small  increments  of  deflection-controlled  loading;  the 
use  of  a  very  stiff  loading  apparatus  permits  a  careful  determina¬ 
tion  of  the  load-deflection  characteristics  of  the  specimen,  thus 
avoiding  a  large  data  gap  immediately  following  buckling  from 
which  the  dead-weight  testing  method  suffers.  The  applied  bending 
moment,  M,  and  the  associated  dial-gage  readings  were  recorded. 
After  buckling  of  the  test  specimen  occurred,  the  deflection  was 
increased  in  small  increments  and  the  associated  equilibrium 
bending  moment  was  measured.  In  some  cases  the  postbuckling 
load-deflection  measurements  were  carried  out  with  monotonically 
increasing  deflections;  in  other  cases,  the  load-deflection  meas¬ 
urements  were  made  during  unloading  to  zero  bending  moment  and 
subsequent  re-loading  at  various  points  along  the  postfailure 
load-deflection  curve;  in  still  other  cases,  the  unloading  from 
the  postfailure  regime  was  carried  beyond  zero  bending  moment 
and  reversed  moment  applied,  with  subsequent  re-loading  to 
larger  of  deformation  values.  Typical  results  from  these  tests 
are  described  in  Section  IV. 


3.2  Cylinders  under  Combined  Axial  and  Bending  Loads 

This  loading  condition  is  indicated  schematically  in  part 
(b)  of  Fig.  3.  The  actual  loading  arrangement  is  shown  in  Fig.  5 
with  an  unbuckled  test  specimen;  this  same  arrangement  is  shown 
in  Fig.  6  after  buckling  has  occurred.  For  this  type  of  loading, 
an  eccentric  axial  compressive  load  was  applied  to  the  cylin¬ 
drical  specimen  through  spherical  bearings  using  a  "stiff"  screw- 
type  testing  machine  for  fine-deflection  (and  load)  control,  in 
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order  to  investigate  both  incipient  buckling  and  posr buckling 
behavior  under  various  ratios  of  combined  compressive  axial  load 
and  bending  moment.  The  distance  between  the  bearings  was  de¬ 
creased,  and  thus  the  load  was  increased,  in  small  increments; 
hence,  while  the  deflections  of  the  cylindrical  specimen  remained 
small,  the  ratio  of  axial  load  to  bending  moment  remained  fixed. 
This  ratio  was  changed  in  succeeding  teste  by  varying  the  initial 
eccentricity  e  =  eQ/L  (see  Fig.  3  and  Table  1).  Following  in¬ 
cipient  buckling,  the  axial  shortening  was  increased  in  small 
increments  in  order  to  determine  the  "postfailure"  load-deflection 
characteristics  under  the  present  loading;  the  associated  equi¬ 
librium  load  was  measured  at  each  step,  and  the  deflections  were 
measured  by  means  of  seven  dial  gages  as  described  previously. 
These  tests  were  usually  continued  to  very  large  angular  deforma¬ 
tions  of  the  buckled  cylinder.  In  some  cases,  unloading  and  re¬ 
loading  at  various  stages  in  the  postbuckling  regime  were  carried 
out,  with  reversed  loading  and  re-loading  in  a  few  instances. 

In  summary,  measured  in  each  test  were  the  applied  external 
loads,  applied  moments,  the  angle  between  the  reference  planes 
which  are  located  at  the  end  of  the  cylinder  (and  which  are  per¬ 
pendicular  to  the  axis  of  the  undeformed  cylinder),  and  the 
angle  between  the  plane  of  loading  and  the  plane  of  bending. 

The  plane  of  bending  was  determined  by  the  pivots  on  the  end 
plates  of  the  testing  machine  and  the  geometric  center  of  the 
unbuckled  shell  or  the  center  of  the  buckled  portion  in  the 
postfailure  region. 
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SECTION  IV 


TEST  RESULTS  AND  DISCUSSION 


Thirty-five  cylindrical  specimens  were  tested;  each  of 
six  combinations  of  compressive  axial  load  and  bending  moment 
was  employed  with  each  nominal  R/t  shell,  50,  75,  and  100. 

Table  1  summarizes  the  model  characteristics  and  loading  con¬ 
ditions  as  well  as  buckling  load  and  buckling -mode  data  for 
these  35  specimens.  In  the  following  subsections,  the  buckling- 
mode  features,  incipient  buckling  conditions,  and  the  post- 
buckling  load-deflection  characteristics  of  these  shells  are 
discussed. 


4.1  Buckling-Mode  Features 

Figures  7  through  10  include  photographs  of  31  of  the  35 
specimens  tested  (specimens  1-2,  II-4,  V-3,  V-4,  and  VIII-2  are 
not  shown).  Figure  7  shows  the  buckled  configurations  of 
specimens  subjected  to  pure  bending.  The  buckled  configurations 
of  specimens  with  nominal  R/t  =  50,  75,  and  100  subjected  to 
combined  axial  compressive  load  and  bending  moment  are  shown  in 
Figs.  8,  9,  and  10,  respectively. 

Observe  that  an  arrow  is  shown  near  an  end  of  most  of  the 
specimens;  this  arrow  identifies  the  plane  of  loading.  An  ex¬ 
amination  of  the  buckle  patterns  discloses  that  30  of  these 
specimens  have  symmetric  and  5  have  antisymmetric  buckle  patterns 
with  respect  to  the  plane  of  loading.  The  distincitive  features 
of  these  two  types  of  patterns  are  shown  in  Fig.  11.  Also,  it 
was  observed  that  the  buckle  pattern  consists  of  an  interleaved 
2-row  pattern  with  a  total  number  of  peripheral  half-wave¬ 
lengths  at  incipient  buckling  ranging  from  4  to  14;  this  number 
tended  to  increase  slightly  as  the  specimen  was  forced  to  undergo 
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larger  and  larger  postfailure  deformations.  The  character  of 
the  buckling  pattern,  symmetric  (S)  or  antisymmetric  (A),  and 
the  number  of  peripheral  ha If -wave -lengths  at  incipient  buckling 
and  at  the  end  of  the  postbuckling  test  of  each  specimen  are 
given  in  the  next-to-the  last  column  of  Table  1. 

A  more  detailed  view  of  a  typical  symmetric  buckle  pattern 
is  given  in  Figs.  12  and  13,  and  a  typical  antisymmetric  buckle 
pattern  is  shown  in  Fig.  14. 


4.2  Incipient-Buckling  Results 

The  applied  loads,  pure  moment  or  combined  axial  compres¬ 
sive  load  and  bending  moment,  observed  at  incipient  buckling  are 
listed  in  Table  1  for  each  specimen;  shown  also  is  the  maximum 
fiber  compressive  stress  at  .ncipient  buckling,  computed  from 

M  y 

a  =  — — — for  pure  moment 
cr  T 


acr  =  - 1 -  +  T~  ^or  C0mbined  loading 

Referring  to  the  stress-strain  data  of  Fig.  1,  the  0.2  percent 
offset  yield  stress  is  seen  to  be  about  40,000  psi;  however,  the 
stress-strain  curve  is  linear  up  to  a  stress  of  about  32,000  psi. 
Examining  the  aQr  data  listed  in  Table  1,  it  is  seen  that  in¬ 
cipient  buckling  occurred  in  the  plastic  range  for  all  nine  pure- 
bending -moment  specimens  which  included  R/t  •=  50,  75,  and  100. 

For  the  combined-loading  tests,  Fig.  15  shows  the  computed  acx 
as  a  function  of  loading  eccentricity  for  eacn  nominal  va^e  of 
R/t;  for  these  cases,  it  is  seen  that  plastic  buckling  occurred 
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in  nearly  all  of  Che  cases;  (linear)  elastic  buckling  occurred 
in  only  one  case. 

An  extensive  series  of  tests  to  determine  the  buckling 
thresholds  of  thin-walled  cylinders  under  combined  loading  has 
been  conducted  by  Bruhn  [2],  which  comprises  the  only  large  body 
of  data  on  shells  with  R/c  values  as  low  as  200;  there  are  re¬ 
sults  elsewhere  in  the  literature  but  again  pertain  to  R/t's 
larger  than  the  range  of  interest  in  this  report.  Bruhn  con¬ 
ducted  7S  tests  of  cylinders  in  combined  compression  and  pure 
bending  for  cylinders  with  R/t  values  ranging  from  230  to  800 
and  L/D  values  from  0.5  to  2.0.  Figure  16  presents  a  summary 
of  Bruhn' s  data  for  convenient  comparison  with  the  results  of 
the  present  report. 

Bruhn  concluded  that  the  R/t  ratio  appeared  to  have  no 
significant  influence  on  the  shape  of  the  interaction  curve;  the 
results  of  the  present  study  are  shown  in  Figs.  17,  18,  and  19 
and  are  in  accord  with  that  conclusion. 

In  Figs.  17,  18,  and  19  the  present  incipient-buckling  data 
for  R/t  =  50,  75,  and  100,  respectively,  are  shown  in  terms  of 
stress  ratios  as  is  common  practice  (see  Refs.  2,  14,  15);  that 
is,  the  incipient-buckling  threshold  is  shown  as  a  function  of 
Rc  =  P/PQ  and  R^  =  M/Mq  for  each  R/t,  where  PQ  is  the  incipient - 
buckling  moment  for  pure  bending.  Such  displays  are  sometimes 
referred  to  as  combined-loading  buckling-threshold  interactions 
curves.  It  is  usual  to  express  this  interaction  curve  in  the 
form  [14,  15] 
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in  nearly  all  of  the  cases;  (linear)  elastic  buckling  occurred 
in  only  one  case . 

An  extensive  series  of  tests  to  determine  the  buckling 
thresholds  of  thin-walled  cylinders  under  combined  loading  has 
been  conducted  by  Bruhn  [2 3,  which  comprises  the  only  large  body 
of  data  on  shells  with  R/t  values  as  low  as  200;  there  are  re¬ 
sults  elsewhere  in  the  literature  but  again  pertain  to  R/t's 
larger  than  the  range  of  interest  in  this  report.  Bruhn  con¬ 
ducted  7S  tests  of  cylinders  in  combined  compression  and  pure 
bending  for  cylinders  with  R/t  values  ranging  from  230  to  800 
and  L/D  values  from  0.5  to  2.0.  Figure  16  presents  a  summary 
of  Bruhn1 s  data  for  convenient  comparison  with  the  results  of 
the  present  report. 

Bruhn  concluded  that  the  R/t  ratio  appeared  to  have  no 
significant  influence  on  the  shape  of  the  interaction  curve;  the 
results  of  the  present  study  are  shown  in  Figs.  17,  18,  and  19 
and  are  in  accord  with  that  conclusion. 


In  Figs.  17,  18,  and  19  the  present  incipient-buckling  data  ] 
for  R/t  =  50,  75,  and  100,  respectively,  are  shown  in  terms  of  i 
stress  ratios  as  is  common  practice  (see  Refs.  2,  14,  15);  that  c 
is,  the  incipient -buck ling  threshold  is  shown  as  a  function  of  t 
R  =  P/P  and  R,  =  M/M  for  each  R/t,  where  P  is  the  incipient-  ( 
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buckling  moment  for  pure  bending.  Such  displays  are  sometimes 

referred  to  as  combined-loading  buckling-threshold  interactions  L 

curves.  It  is  usual  to  express  this  interaction  curve  in  the 
form  [14,  15] 
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where  the  exponents  >:  and  y  are  determined  experimentally  for 
the  particular  compressive -member  geometry  and  material  proper¬ 
ties  involved.  Shown  as  a  dashed  line  in  each  of  Figs.  17,  18, 
and  19  for  convenient  comparison  is  the  above  stress-ratio 
equation  where  both  x  and  y  are  taken  as  unity;  the  present  data 
are  too  sparse  to  permit  determing  a  valid  interaction  equation 
of  the  type  discussed  above.  For  convenient  reference,  the  data 
points  on  Figs.  17,  18,  and  19  are  each  accompanied  by  a  number 
in  brackets,  which  represents  the  total  number  of  peripheral 
half-wave  lengths  of  the  buckle  pattern  at  incipient  buckling. 

From  Figs.  7  through  10  it  is  seen  that  in  several  tests 
the  buckling  pattern  occurred  near  the  end  of  a  specimen;  how¬ 
ever,  in  attempted  repetitions  of  such  tests,  the  buckling 
pattern  occurred  well  away  from  the  end  of  the  specimen.  The 
incipient  buckling  load  for  such  cases,  as  shown  in  Table  1, 
was  nearly  identical.  Also,  for  specimens  of  given  nominal  wall 
thickness,  it  was  found  that  the  wall-thickness  variations  in 
the  present  specimens  did  not  affect  significantly  either  the 
incipient-buckling  load  or  the  features  of  the  buckling  mode. 
Furthermore,  the  occurrence  of  an  antisymmetric  rather  than  a 
symmetric  buckling  pattern  for  a  given  R/t  and  loading  con¬ 
dition  did  not  affect  the  critical  buckling  load  significantly; 
this  can  be  seen,  for  example,  by  comparing  the  results  of 
tests  5;  6,  and  7  or  of  test  14  with  16  in  Table  1. 

4.3  Postbuckling  Load-Deflection  Characteristics 

Both  the  prebuckling  and  the  postbuckling  load-deflection 
characteristics  of  the  present  cylindrical  shells,  in  the  case 
of  pure  bending,  may  be  described  conveniently  in  terms  of  the 
measured  bending  moment,  M,  as  a  function  of  the  angle,  9, 
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between  the  refernce  planes  positioned  at  the  ends  of  and  per¬ 
pendicular  to  the  axis  of  the  undefomied  cylinder.  As  depicted 
in  Fig.  20,  this  total  angle  of  rotation  9  consists  of  elastic 
contributions  ( 6 ^  and  9^)  from  the  unbuckled  portion  of  the 
specimen  plus  a  (usually  much  larger)  contribution  9^  from  the 
spanwise  region  bounding  the  buckled  portion.  It  is  this  con¬ 
tribution  (6^)  which  is  of  primary  interest  for  postbuckling 
dynamic  response  analysis  purposes. 

For  the  cylinders  under  combined  loading,  the  applied 
axial  load  P  and  the  associated  axial  shortening  b-c  due  to 
buckling  (of  the  buckled  length)  are  parameters  of  interest  in 
addition  to  the  M-9  behavior.  In  the  postfailure  range,  the 
contribution  of  elastic  shortening  of  the  unbuckled  portion  is 
small,  and  the  effect  is,  qualitatively,  the  same  as  the  elastic 
contribution  to  the  bending  angle  in  the  pure-moment  case  dis¬ 
cussed  above. 

The  remaining  measured  quantity  of  interest  is  the  angle 
between  the  plane  of  loading  and  the  plane  of  bending.  Al¬ 
though  the  cylinders  were  loaded  in  a  consistent  fashion,  the 
plane  about  which  buckling  (either  symmetric  or  antisymmetric) 
occurred  did  not  coincide,  in  general,  with  the  loading  plane. 
The  plane  defined  by  the  center  of  the  buckled  portion  of  the 
shell,  and  the  loading  points  of  the  test  machine  is  defined  as 
the  "plane  of  bending";  whereas  the  plane  defined  by  points  A, 

B,  and  C  of  Fig.  20  is  defined  as  the  "plane  of  loading".  An 
assessment  of  the  measurements  from  the  present  experiments 
shows  this  angle  to  be  small  --  not  exceeding  10  degrees,  and 
being  generally  less  than  4  degrees.  In  view  of  these  small 
values,  the  effect  of  this  angular  "error"  results  in  negligible 
changes  to  the  "uncorrected"  load-deflection  characteristics  of 
the  present  test  specimens. 
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Typical  load-deflection  characteristics  of  the  present 
specimens  for  both  the  elastic  and  the  postbuckling  regime  are 
illustrated  in  Fig.  21.  It  is  seen  that  a  near-linear  load- 
deflection  curve  is  obtaired  until  buckling  occurs.  Following 
buckling,  the  load-carrying  ability  (either  M  or  P)  of  the  struc¬ 
ture  drops  sharply.  As  the  deflection  is  increased  monotonically , 

M  or  P  decreases  morotonically  until  the  deformation  becomes  so 
large  that  binding  or  mutual-support  between  adjacent  elements 
in  the  nuckled  portion  occurs;  at  this  point,  the  load-supporting 
ability  of  the  structure  increases  with  increasing  deflection. 

Note  also  that  if  the  structure  is  unloaded  from  some  condition 
in  the  postbuckling  range,  the  associated  so-called  "pseudo- 
elastic”  load-deflection  path  is  nearly  linear  but  has  a  slope 
somewhat  less  than  that  for  the  prebuckled  structure;  upon  re¬ 
loading,  the  load-deflection  path  becomes  slightly  steeper  than 
that  for  unloading  and  then  rejoins  the  "main  postbuckling  curve", 
exhibiting  a  small  hysteresis  loop.  Unloading  from  a  larger 
postbuckling  value  of  deflection  leads  to  pseudo-elastic  paths 
of  smaller  slope. 

From  the  standpoint  of  postbuckling  dynamic-response  analy¬ 
sis,  the  structural  characteristics  of  primary  utility  and  interest 
are  moment-angle  and/or  the  axial  lo  as  a  function  of  the  axial 
shortening  relation  for  the  buckled  portion  of  the  span  or  length 
of  the  structure;  these  characteristics  are  termed  herin  M-0^ 
and  P- 8^  relations,  respectively.  Note  that  in  the  present 
experiments,  the  overall  angular  deflection  3  and  the  overall 
axial  shortening  8  for  the  entire  test  specimen  of  length  L 
were  measured,  whereas  the  corresponding  values  for  the  buckled 
portion,  b,  of  the  specimen  are  of  ultimate  concern. 
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An  inspection  of  part  (a)  of  each  of  Figs.  20  and  2i  shows 
that  at  any  given  point  Q  in  the  postbuckling  range,  the  moment- 
carrying  ability  of  the  buckled  section  is  M^,  and  the  associated 
angular  rotation  9^  p  of  the  buckled  portion  of  the  test  specimen 
is  given,  to  a  good  approximation,  by 

91,Q  =  sq  '  TT  ®e,Q 


where  9  n  is  the  total  relative  angular  end-plane  rotation  of 
the  entire  specimen  in  the  prebuckling  region  at  an  applied  bend¬ 
ing  moment  Mp.  Thus,  with  the  overall  M-0  characteristics  and 
the  buckle-zone  length  b  (see  Table  1)  given,  the  desired  M-0, 
data  can  be  determined  readily.  Figures  22  and  23  illustrate 
typical  M-0  and  M-0^  characteristics  for  specimens  with  R/c 
values  of  50  and  75,  respectively,  and  which  were  subjected  to 
pure-moment  loading.  For  specimens  with  R/t  values  of  100,  the 
postbuckling  M-0  characteristics  are  not  available  since  buckling 
occurred  near  the  end  of  the  shell,  and  bending  with  the  shell 
mounting  began  immediately  upon  further  loading. 


Referring  to  part  (b)  of  each  of  Figs.  20  and  21,  it  is 
seen  that,  for  the  case  of  combined  loading,  similar  remarks 
to  the  preceding  also  apply  with  respect  to  the  associated  M-0 
characteristics  and  the  P - 8  characteristics ,  with  the  following 
modifications.  First,  for  small  deflections  of  an  eccentrically- 
loaded  specimen,  the  bending  moment  at  the  critical  station  is 
given  by  however,  as  the  structural  deflection  increases, 

the  moment  arm  to  the  critical  station  increases  and  the  correct 
bending  moment  at  that  station  is  given  by  P*e^.  Again,  the 
effective  relative  end  rotations  0^  for  the  buckled-length 
portion  b  of  the  specimen  can  be  obtained  from  the  measured 
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overall  relative-end-rotation  for  the  entire  test  specimen. 
Similarly,  the  relation  between  the  axial  compressive  load  P 
and  the  axial  shortening  8-^  for  the  buckled  portion,  b,  of 
the  specimen  can  be  found  from  the  measurements  made  directly 
for  P  and  the  overall  axial  shortening  8  of  the  entire  test 
specimen.  For  example,  S-^  associated  with  any  point  V  on  the 
main  postbuckling  curve  is  given,  to  a  good  approximation,  by 

^1,V  “  ~TT  ^e,V 

where  ^  is  the  total  axial  shortening  of  the  entire  cylin¬ 
drical  test  specimen  in  the  prebuckling  region  under  an  applied 
axial  compressive  load  P^. 

Postfailure  load-deflection  data  including  M-0^,  P-  8  , 

and  P-  8 ^  are  given  in  Fig.  25  for  a  typical  specimen  with  an 
R,  =  50  and  a  nominal  loading  eccentricity*  e  =  eQ/L  =  0.016; 
similar  data  are  shown  in  Fig.  26  for  a  specimen  with  R/t  =  50 
and  e  »  2.0.  Similar  typical  data  are  shown  in  Figs.  27,  28, 

29  and  30  for  (R/t,  e)  pairs,  (75,  0.125),  (75,  0.25),  and 
(100,  0.25),  respectively. 

Postbuckling  data  for  (R/t,  e)  pairs  (50,  0).,  (75,  0),  and 
(100,  0)  were  not  found,  since  for  these  combinations,  buckling 
occurred  near  the  end  of  the  shell  and  binding  with  the  shell 
mounting  began  immediately. 


*  These  eccentricities  could  be  considered  in  dimensionless 
form  if  desired. 
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The  load-carrying  capacity  for  pure  bending  is  defined 
by  the  M-0  and  the  M-0^  curve.  Whereas,  for  combined  bending 
and  axial  loading,  both  load-shortening  and  moment-rotation  must 
be  considered  together.  Examination  of  the  loads  carried  by 
the  shells  under  combined  loading  shows  that  in  no  case  do  these 
loads  exceed  maximum  loads  defined  for  that  shell.  Thus,  the 
jump  after  buckling  to  a  "higher"  moment- carrying  level  in 
Figs.  24  and  26  is  not  surprising,  and  the  rise  is  attributable 
to  the  sudden  increase  in  the  distance  of  the  buckle  center  from 
the  line  of  action  of  the  load. 

Comparing  the  M-0^  results  of  Fig.  22  with  those  of  Figs. 
25  and  26  all  of  which  pertain  to  specimens  with  R/t  =  50,  it 
is  seen  that  axial-loading  effects  upon  the  M-0^  behavior  are 
not  significant.  A  similar  observation  holds  for  the  specimens 
with  R/t  =  75  and  100, 

It  is  believed  that  the  typical  failure  and  postfailure 
data  included  provide  sufficient  detail  so  that  meaningful  com¬ 
parisons  can  be  made  with  theoretical  methods  which  may  be 
developed  in  the  future  to  predict  the  postfailure  character¬ 
istics  of  these  structures. 
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SPECIMEN  m  -3 
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CIRCUMFERENTIAL  DIRECTION 


Fig.  2  Illustration  of  Typical  Shell  Wall  Thickness 
Distribution  for  a  Specimen  with  R/t  ®  100 
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AXIAL  DIRECTION 


TEST  SPECIMEN 
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0  CONVEX  REGION 
X  CONCAVE  REGION 

LOADING  PLANE 
(ALSO- BENDING  PLANE) 
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Fig.  11  Illustration  and  Nomenclature  for  Symmetric 
and  Antisymmetric  Buckle  Patterns 
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Fig,  13  Sectioned  View  of  a  Symmetric  Buckle, 
Specimen  V-3 
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Fig.  18  Combined- Load  Suckling-Threshold  Data  fo 


Fig  19  Combined-Load  Buckling-Threshold  Data  for  R/ t 


D  |^b-H  -^k-8  RIGID  LOADING  ARM 


(b)  Combined  Axial  Load  and  Bending 


Fig.  20  Geometry  and  Nomenclature  fcr  a  Buckled 
Specimen 
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(b)  Axial  Loaa  ,  Axial  Shortening 

Fig.  21  Nomenclature  and  Typical  Load-Deflection  Character¬ 
istics  of  a  Loaded  Specimen  in  Both  the  Prebuckling 
and  the  Postbuckling  Regime 
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AXIAL  LOAD  ,  P  (LBS) 


0.4  0.6  0.8 

AXIAL  SHORTENING  (IN) 


Fig.  24  Typical  Prebuckling  and  Postbuckling  Moment- 
Rotation  and  Load-Shortening  Data,  R/t  »  50 
and  e  «  0.016 
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Fig.  24  Concluded 
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Load -Shortening  Data,  R/t  =  50  and  e  =  0.25 
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AXIAL  LOAD,  P(LBS) 
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Fig.  26  Typical  Prebucklir.g  and  Postbuckling  Moment-Rotation 
and  Load-Shortening  Data,  R/t  =  75,  e  =  0.016 
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RELATIVE  ROTATION  (DEG) 
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Fig*  27  Concluded 


AXIAL  LOAD, P( LBS} 


AXIAL  SHORTENING  (IN) 


Fig.  28  Typical  Pre buckling  and  Postbuckling 

Moment-Rotation  and  Load-Shortening  Data, 
R/t  *  100,  e  =  0.25 
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RELATIVE  ROTATION  (DEG) 


